A theoretical investigation of the hydrodynamic lubrication of the top compression piston ring in a large two-stroke marine diesel engine is presented. The groove mounted piston ring is driven by the reciprocal motion of the piston. The ring shape follows a circular geometry and the effect of changes in radii is analysed. A numerical model based on the finite difference method in 1D has been developed for solving Reynolds equation in combination with the load equilibrium equation together with flow continuity between the piston ring surface and liner for analysis of the lubricant transport. The cyclic variation throughout one stroke is presented for the minimum film thicknesses at different interesting locations of the piston ring surface together with the friction and the pressure distribution history. The aforementioned parameters have been investigated numerically. The numerical results are presented and discussed.
Introduction
Piston ring lubrication has previously been studied by numerous authors, e.g. numerical schemes were developed to solve Reynolds equation simultaneously with the load equilibrium equation for one cycle in Hamrock and Esfahanian, 1 a parametric study of the friction between piston rings and liner in Dellis, 2 a theoretical study of piston ring lubrication for fully flooded and starved conditions in Jeng, 3, 4 respectively, a performance analysis of a piston ring pack by studying key parameters such as oil consumption, blow-by/ blow-back, power loss, etc. in Gulwadi, 5 the effect of surface roughness on lubrication between a piston ring and cylinder liner in Sanda and Someya, 6 a theoretical analysis of the twin-land of oil-control piston ring in Ruddy et al. 7 as well as a theoretical modeling of cavitation in piston ring lubrication in Priest et al. 8 The studies cover a wide spectrum of piston ring tribology including hydrodynamic and mixed lubrication, cavitation and oil transport.
A study of the friction loss of a large two-stroke marine diesel engine, a 4T50MX located in the research centre of MAN Diesel & Turbo SE, Copenhagen, has been performed by Vølund and Klit. 9 It has been concluded that the piston ring pack, consisting of four piston rings, counts for approximately 60% of the total mechanical loss. 10 Large two-stroke marine diesel engines are lubricated somewhat differently than a conventional trunk engine. In large marine engines, the cylinder lubricant is injected at a discrete position on the liner. It is supplied at every 2nd, 3rd or maybe every 10th stroke at a discrete time and location. The lubricant is lost after use, as it either ends up in the scavenge area or is combusted. Therefore, it is crucial to understand the lubricant transport between the injections in order to achieve an adequate injection volume. If it is too small, the piston rings will dry out leading to increased asperity contact, abrasion and increased friction as well as power loss and inadequate sealing between the combustion chamber gas and scavenging area. If the quantity is too large, the lubricant is transported into the scavenging area or end up in the combustion chamber where it is either combusted or evaporated.
From both an economic and environmental point of view, it would be reasonable to reduce the amount of cylinder lubricant as it is, if combusted, an expensive fuel and contains several polluting additives.
In order to determine the adequate amount of lubricant, one must understand and be able to predict the lubricant transport mechanisms. This paper will present a method of modeling the transport throughout one stroke with both fully flooded and starved conditions. The effect of changes in piston ring radii will be presented and discussed.
Method

Reynolds equation
The piston ring package normally consists of several rings. This study only addresses one ring, thereby eliminating phenomena between the rings. Reynolds equation is used for calculating the hydrodynamic film pressure distribution between the top compression piston ring and cylinder liner. It can be seen in equation (1) that for one-dimensional pressure distribution in x-direction, the pressure gradient in the circumferential direction is neglected.
where is the density of the lubricant, h is the oil film thickness, 0 is the viscosity of the lubricant, p is the lubricant pressure,ũ is the relative velocity and t is the time.
Reynolds equation can be rewritten into equation (2) with only the piston moving under consideration of the lubricant being Newtonian, isoviscous, incompressible and with constant density.
where h is the oil film thickness, 0 is the viscosity of the lubricant, p is the lubricant pressure, u x is the liner velocity and t is the time.
The geometrical relationship between the angular velocity of the crankshaft, !, crank angle degree, , and piston velocity, u p , is illustrated in Figure 1 and equation (3) .
where ! is the crankshaft angular velocity, R is the crankshaft radius, is the crank angle degree and L is the connecting rod length.
Film pressure distribution
The central finite difference method (FDM) has been used for deriving an approximate solution to Reynolds equation. The FDM-scheme is shown in Figure 2 .
Reynolds equation can be rewritten by FDM into the difference equation seen in equation (4) 
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The equation can be solved by solving the linear equation system shown in equation (5) 
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where A i , B i , C i and f i are the coefficients from equation (4) and p 0 is the pressure distribution.
Force equilibrium
A free body diagram (FBD) of the piston ring with the forces acting on it is seen in Figure 3 . The piston ring is surrounded by the liner at one side and the piston at the other side. The gas pressure above and behind, p 1,gas , and below, p 2,gas , exerts normal pressures on the piston ring. The elastic spring tension of the piston ring, p sp , is represented by a normal pressure on the rear side and is typically in the order of 10 5 Pa Dowson. 13 Furthermore, the piston ring is exerted to the hydrodynamic pressure of the lubricant. For this study, the gas pressures have been neglected even though their contribution is much larger than the spring tension force and would have a significant influence on the results. It is done in order to simplify the numerical study and clearly extract the influence of the main parameter investigated, i.e. the curvature of the piston ring.
It is assumed that the ring only has one degree of freedom, i.e. radial movement in z-direction. Axial movement of the ring in x-direction is not considered. Both the radial and axial movement could pump lubricant, e.g. by ring flutter. This phenomena is not considered in the model. Several forces have been neglected in this model. Forces in the direction of the movement are neglected/not included in the model. The piston ring would be affected by pressure-forces on the sides from the gas pressure in x-direction as well as friction force between the piston and piston ring in z-direction. Both inertia and asperity contact forces of the piston ring have been neglected.
For each crank angle degree, , an equilibrium between the forces is desired with the minimum film thickness, h 0 , as the free parameter. The force equilibrium can be seen in equation (6) . Several iterative methods exist to achieve the force equilibrium and the chosen one will be examined in the following section.
Pertubation of Reynolds equation
A method was suggested by Lund 14 with perturbation of Reynolds equation. It has shown to be faster than the Newton-Raphson secant method. The height profile of the piston ring over the liner is based on an assumed parabolic geometry, h ¼ h 0 þ ð1 À cosðÞÞ. It is then subjected to a perturbation with an infinitesimal disturbance of the height profile, Áz, so that h ¼ ðh 0 þ ÁzÞ þ ð1 À cosðÞÞ. It leads to a perturbation in the lubricant pressure distribution with p ¼ p 0 þ p Á Áz. Higher order terms are neglected. By completing the algebraic perturbation, Reynolds equation can be expressed with respect to the perturbation pressure, p Á , as seen in equation (7) where an approximate solution is found by FDM from Lund. where h 0 is the initial height, p Á is the perturbed pressure, p 0 is the initial pressure, 0 is the viscosity and t is the timestep. A coefficient, K z , is introduced which can be found by integrating the perturbed pressure distribution over the wetted length, K z ¼ R lhyd p Á dx. It can be considered as a dynamic coefficient of stiffness in the system and can be utilized in the search of force equilibrium by the relation of equation (8) .
where K z is the coefficient of stiffness, F 0 z is the forces in the z-direction, F So
where h new 0 is the new minimum film thickness, h 0 is the old minimum film thickness and Áz is the infinitesimal disturbance of the height profile.
The new minimum film thickness from equation (9) is inserted into the initial Reynolds equation in equation (2) and the calculations start over again and a new estimate for the right minimum film thickness is found. This iterative procedure continues until the required change in the film thickness, Áz, is below a desired tolerance, Áz limit ¼ 10 À9 , so that Áz 5 Áz limit . The implicit method has proven to be stable.
Flow continuity
The lubrication regime in the initial stroke along the liner can be both fully flooded, purely starved or a combination of both. To determine the effect of starvation, the boundary conditions should be set continuously for each stroke. The amount of lubricant left behind for the piston to encounter in the next stroke is found from the pure Couette flow with h Figure 5 where the different shapes of the velocity profiles between the piston ring and liner can be seen. If the flow continuity is not obtained, the wetted length will be reduced, followed by a change in film thicknesses, pressure distribution, pressure gradients and the iterations start over again. A flow chart of the iteration process can be seen in Figure 6 .
Results and discussion
In order for the solution to converge to the piston ring's force equilibrium, up to % 160 iterations were needed with severe starved conditions and as few as 2 iterations with fully flooded conditions. The time increment was set equivalent to 1 of crankshaft angle. Figure 7 illustrates the typical computational costs throughout a stroke.
The values used to execute the simulations are shown in Table 1 . A viscosity of 71 Á 10 À3 Pas is chosen as it represents a commonly used lubricant in large two-stroke diesel engines, SAE50 @ % 85 C. The volume flow and corresponding velocity profiles at different locations are shown in Figure 5 . The film thicknesses at those locations are presented in Figures 8 and 9 for, respectively, fully flooded and starved conditions. For the fully flooded situation, the film thicknesses are smooth and without any sudden changes. The minimum film thickness, h 0 , is low at the top and bottom dead center, as the piston ring velocity is low. A low velocity is corresponded by a high lubricant pressure and therefore a decrease in the film thickness is needed for maintaining the force equilibrium. As the required amount of lubricant is present at all time, there will be no disruptions in the height increase of the piston ring.
The simulated starved conditions are shown in Figure 9 . Initially, the film thicknesses are increasing smoothly as for the fully flooded conditions, but around ¼ 25 lubricant starvation occurs. The wetted length of the piston ring surface is decreasing as the flow continuity point, h
? , is moving towards the center of the ring followed by a decrease in the load carrying capacity. To overcome the reduced capacity and uphold the force equilibrium, the film thickness must decrease. This phenomenon is clearly seen in Figure 8 versus Figure 9 . The starvation will affect all of the different film thicknesses including the lubricant left behind, h stroke with starvation will impact the following strokes.
The tendencies with respect to radii and the different terms of Reynolds equation are quite clear in Figure 10 , where the minimum film thicknesses are shown for fully flooded conditions at different radii. When observing the effect of piston ring curvatures at the mid-stroke for fully flooded conditions, it can be seen that with a low radius, the minimum film thickness will be fairly high but decreases with a higher radius. Low radii, i.e. large curvatures together with high velocities make the Couette term, in this case the physical wedge term, of Reynolds equation predominant in the mid-stroke which supports large film thicknesses. At the ends of the stroke, the physical wedge term fades out due to the low velocities, and the squeeze term of Reynolds equation becomes the predominant one. The squeeze term is most effective with two parallel surfaces and therefore high radii, i.e. small curvatures have the largest load-carrying capacity and thereby the highest film thicknesses at the ends of the stroke.
Regarding the starved conditions in Figure 11 , it can be seen that the radii affect the point of where starvation occurs. The starvation is most significant with small radii and the film thicknesses will increase as the radii are increased. The behavior for starved conditions is different from fully flooded conditions. A smaller and finite amount of lubricant is available for the piston ring which enforces starved conditions. When increasing radii, the starvation will be less significant which gives a larger wetted length on the piston ring surface. Hence, a larger film thickness is required for maintaining the load-carrying capacities of large radii. The squeeze term predomination is once again seen at the ends of the stroke. Furthermore, the typical 'drops' in the film thicknesses are emphasized around 1 À 2 just after the starting point of the piston with zero velocity. The piston ring squeezes a bit through the lubricant film, even though the velocity is different from zero, before the hydrodynamic pressure once again builds up.
The wetted length of the piston ring can be seen in Figures 12 to 15 conditions in Figure 12 , the point of flow continuity is at the starting edge of the piston ring surface throughout the entire stroke. The simulations with starved conditions are seen in Figures 13 to 15 . It can be seen that with increased radii, starvation will be less significant and the point of flow continuity goes towards the edge of the piston ring. The pressure history is illustrated in Figures 16 to  19 for both fully flooded and starved conditions at different radii. In the first stroke with fully flooded conditions, the pressure is rather low as the wet and thereby load-carrying length of the piston ring is large. During the starved strokes, the wetted length will become larger and larger and therefore a smaller pressure is required to carry the same load with increased radii as mentioned previously. The mean pressures are illustrated by p mean in the figures. Furthermore, the relation between the load carrying capacity and the piston ring velocity is clear. Around top dead center and bottom dead center, large pressures are needed as velocities are low.
The powerloss due to hydrodynamic friction forces can be seen in Figure 20 . The frictional power loss has been found by considering the geometry of the piston ring. The viscous friction force is known to be dependent on the simulating parameters as the film thickness and the pressure gradient by F Hamrock et al. 15 . For the starved conditions, the power loss is increasing with increased radii and corresponding increased film thickness as shown in Figure 11 . The fully flooded conditions work opposite where the power loss also increases with increased radii but with decreasing film thicknesses. Even though the film thicknesses are decreasing with increased radii, the power loss is still increasing. This shows the influence of the pressure gradient and the non-linearity in the viscous friction force.
Conclusion
i. A proposal for a theoretical model to investigate the hydrodynamic lubrication of the top compression piston ring in a large two-stroke marine diesel engine has been made. The model has shown as being able to simulate a piston stroke both with fully flooded and starved conditions of the lubricant. ii. The behavior of fully flooded and starved conditions has shown to be different within the investigated range of radii. For fully flooded conditions with a theoretical infinite amount of lubricant, the film thicknesses will be largest with small radii due to the effect of the wedge term. iii. During starvation with a limited amount of lubricant, the model increases the wetted length of the piston ring with increased radii. Hence, the film thicknesses increase with increased radii for starved conditions. iv. The squeeze term has proven to have a beneficial effect in the model since the Couette term does not carry any load at the turning points of the piston ring.
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